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Preface
This is a Quarto book, to view it as HTML you can go here: https://harbour-n.github.io/Second-year-report/.
The report is structured as follows. In the first chapter I give a summary of the main results in my PhD over the first two years I then outline a brief plan for the remaining time of my PhD. In the second chapter I present a literature review specifically focusing on cancer stem cell modelling, the primary focus of my second year. In the third chapter I present our preprint Virtual Clinical Trials of BMP4 Differentiation Therapy: Digital Twins to Aid Glioblastoma Trial Design, which will form a thesis chapter.
1. Summary
This chapter provides an overview of the progress in my PhD research and outlines the future direction of my thesis.
My PhD research centres on the mathematical modelling of cellular subpopulations in glioblastoma (GBM), the most common and aggressive primary malignant brain caner in adults. During the first year, I focused on analysing single-cell and bulk RNA-seq data, aiming to extract dynamic information about tumour progression from these static snapshots, to motivate mathematical modelling. This lead to many conference talks/posters and a published abstract Inference of cell cycle regulation between glioblastoma subpopulations in vivo to drive computational and mathematical models of the cancer complex system from the Society of Neuro-Oncology annual meeting, although it may not form a significant part of my thesis.
Following my initial visit to the Mathematical Neuro-Oncology Lab, run by Kristin Swanson at the Mayo Clinic in May 2023, I became involved in a project investigating differentiation therapy as a novel treatment for GBM, this is a joint project with Dr Quinones lab in the department of Neurosurgery (Mayo Clinic Florida). This has become the primary focus of my second year. GBM remains almost universally fatal, partly due to its resistance to radiation therapy. Research has identified a subpopulation of cancer cells in GBM (and other cancers) with stem cell-like properties that make them highly resistant to conventional cytotoxic treatments, such as radiotherapy and chemotherapy. These cancer stem cells (CSCs), or glioma stem cells (GSC) in the case of glioma, are believed to drive tumour initiation, growth, and recurrence, making their eradication crucial for effective treatment. Dr Quinones’ lab is developing new therapies for GBM using novel delivery mechanisms that aim to create a less favourable microenvironment for GBM to survive. One therapy they are particularly interested in is BMP4; this is a protein that has been shown to drive differentiation of GSCs towards a predominantly glial (astrocytic) fate, to reduce GBM tumor burden in vivo and to improve survival in a mouse model of GBM. Throughout my second year, we have been developing a mathematical model that simulates GSC-driven tumor growth in GBM, its response to BMP4 therapy and standard radiotherapy. Using data from five glioma stem cell lines provided by Dr. Quinones’ lab, we have parameterized this model, enabling us to estimate the sensitivity of these cell lines to BMP4. We explore the model for a range of different parameters developing a virtual clinical trial approach to see how BMP4 impacts simulated GBM growth across a range of virtual cohorts. Our findings suggest that tumour proliferation rate is also a critical factor that must be accounted for when assessing BMP4 efficacy. Additionally, we have used this model to explore various BMP4 treatment schedules, with the ultimate goal of informing future clinical trial design.
In addition to this primary project, I have been involved in several other initiatives during my second year, which are not detailed anywhere else in this report. In November 2023 I took part in the Integrated Mathematical Oncology (IMO) workshop at the Moffit Cancer Center, Florida. Our team developed a mathematical model for evolutionary steering in breast cancer, came second place and won a pilot fund of $50,000 to further this research project (https://imoworkshop.org/IMO11/index.html). In March 2024, I undertook a second visit to the Mathematical Neuro-Oncology Lab at Mayo Clinic Arizona. During this visit I took part in an academic retreat focusing on sex differences and the the immune landscape in GBM. This visit strengthened my collaboration with the group, resulting in an official research internship position. From May to June I led a team of PhD students and research staff in a datathon run by the University of Exeter and EPSRC Hub for Quantitative Modelling in Healthcare. The goal was to quantify heterogeneity in human daily rhythms using time series data of hormone concentrations in healthy individuals. Our team won the prize for best negative result, using functional data analysis and machine learning techniques to demonstrate that circadian rhythm signals from sleep-wake cycles dominate over other signals that could differentiate patient metadata such as sex, age or weight.
The plan for my thesis includes several chapters based on a series of papers, a draft of the anticipated structure is as follows:
· Introduction: A short text explaining the context and structure of the thesis.
· Outreach paper: We aim to publish a paper in Frontiers for Young Minds, a journal targeting a young audience (ages 9-15). This could serve as an engaging and non-traditional introductory chapter to my thesis, explaining the basics of modelling in GBM.
· Literature review: An overall literature review, encompassing all of my work. This will be slightly broader than the literature review presented in this report (Chapter 2) that focuses specifically on the cancer stem cell literature that is particularly useful for understanding the context for my preprint.
· BMP4 Virtual Clinical Trials: This will be based on the preprint Virtual Clinical Trials of BMP4 Differentiation Therapy: Digital Twins to Aid Glioblastoma Trial Design. We plan to submit this to a broad interdisciplinary science journal, focusing on the integration of data and modelling, as well as model-informed clinical trial design.
· Mathematical Analysis of the model: Following on from this we are planing on writing a paper that will consider the model from a more mathematical perspective. We have already begun some of this analysis such as steady states of the model, nullclines, model reductions, although this analysis is not included in this report.
· Digital Twins and Alan Turing Institute: Beginning in January 2025, I will participate in the Alan Turing Institute’s PhD enrichment placement, which is designed to help PhD students deepen their research in machine learning and data science. The Institute hosts a center dedicated to digital twin research, where I plan to tackle some of the fundamental challenges in developing digital twins for healthcare, such as creating robust, uncertainty-aware models that can be effectively used in clinical settings. In collaboration with the Mathematical Neuro-Oncology Lab, we will apply these ideas to digital twin models for GBM.
· Conclusion: Drawing together the strands of the thesis.
2. Literature review
In this chapter we present a brief literature review particularly focused of stem cells in cancer and the different modelling approaches that have been used.
2.1 Introduction
Stem cells are defined as cells that have the ability to perpetuate themselves through self-renewal and to generate mature cells of a particular tissue through differentiation (Reya et al. 2001). Stem cells are fundamental to tissue maintenance and repair; they also play a critical role in cancer development and in determining the outcomes of cancer treatment (Weiss, Komarova, and Rodriguez-Brenes 2017).
2.2 Stem cells in cancer
Perhaps the most important and useful property of stem cells is that of self-renewal. Self-renewal is crucial to stem cell function, because it is required by the majority of stem cells to persist for the lifetime of the animal. Moreover, whereas stem cells from different organs may vary in their developmental potential, all stem cells must self-renew and regulate the relative balance between self-renewal and differentiation. Understanding the regulation of normal stem cell self-renewal is also fundamental to understanding the regulation of cancer cell proliferation, because cancer can be considered to be a disease of unregulated self-renewal (Reya et al. 2001). Another distinguishing hallmark of stem cells is the ability to undergo asymmetric division, during which stem cells give rise to daughter cells of different fates, proliferative potential, size or other characteristics (Majumdar and Liu 2020; Hitomi et al. 2021a). Cancer stem cells (CSCs) generate such diverse progeny by executing multiple modes of cell division. Lineage-tracing experiments in glioma stem cells (GSCs) revealed that CSC undergo three main types of cell division: 1) Symmetric CSC self-renewing division, where a CSC produces two daughter CSCs; 2) symmetric differentiating division, where a CSC gives rise to two non-CSC daughter cells; 3) asymmetric division, where a CSC produces one CSC and one non-CSC. Additionally less than 1% of cell divisions resulted in cell death (Lathia et al. 2011). The types of CSC cell division are summarized in Figure 2.1.
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Figure 2.1: The three main types of CSC cell division. Symmetric self-renewal results in two daughter CSCs. Symmetric differentiation results in two non-CSC daughter cells. Asymmetric differentiation results in one CSC and one non-CSC. Non-CSCs are denoted CC for cancer cells (created with BioRender.com).


Numerous arguments suggest a stem-cell origin for human cancers. First, it is worth noting that stem cells possess many of the features that constitute the tumour phenotype, including self-renewal and essentially unlimited replicative potential (Hanahan and Weinberg 2000). Second, the mutations that initiate tumour formation seem to accumulate in cells that persist throughout a person’s life, as suggested by the exponential increase of cancer incidence with age (Meza et al. 2008). This is thought to reflect a requirement for between four and seven mutations in a single cell (and its progeny) to effect malignant transformation (Hanahan and Weinberg 2000). Similarly, cancer formation from cells that persist throughout life is suggested by an increased incidence in adults of skin tumours such as melanoma after higher childhood exposure to a mutagenic agent such as ultraviolet solar radiation (Balk 2011). Normal somatic stem cells are strong candidates for such persistent cells, an alternative explanation would be that a more mature cell undergoes a dedifferentiation event, reverting to a more primitive stem cell phenotype (Sell 1993; Reya et al. 2001).
A stem cell origin for human cancers was first identified in leukaemia, perhaps due to the high fraction of stem cells in the haematopoietic system, when it was discovered that some, but not all, cancer cells were able to initiate tumours of the blood (Taipale and Beachy 2001; Lapidot et al. 1994; Bonnet and Dick 1997). More recently CSCs have been identified in many solid tumours including breast, colon and brain (Al-Hajj et al. 2003; Ricci-Vitiani et al. 2007; Ignatova et al. 2002; Hemmati et al. 2003; Singh et al. 2004; Galli et al. 2004). In GBM, cells expressing the CD133 cell surface protein marker (also found on neural stem cells) have been identified as having stem cell properties in vitro (Singh et al. 2003). Furthermore, when tested using a xenograft assay, it was found that injection of as few as 100 CD133+ cells produced a tumour that could be serially transplanted and was phenotypically similar to the patient’s original tumour, while injection of  CD133- cells survived in the host but did not cause a tumour (Singh et al. 2004). This provides strong evidence that there is a small subpopulation of glioma stem cells that have the unique ability to initiate tumours, while the majority of cells cannot.
2.3 Cancer stem cells and treatment resistance
Radiation therapy is the most common form of treatment across all cancers, with around 50% of all cancer patients receiving radiotherapy at some point in their treatment (Baskar et al. 2012). However, in addition to being tumour-initiating, CSCs are highly resistant to both radio- and chemo-therapy through preferential activation of the DNA damage checkpoint response and an increase in DNA repair capacity (Bao et al. 2006; Tang et al. 2021a; Rich 2007; Schonberg et al. 2014). In glioma, experimental results have shown that both in culture and mouse models CD133-expressing stem cells survive radiation in larger proportions than the majority of tumour cells which lack CD133 expression (Bao et al. 2006; Gao et al. 2013); these results suggest that CSC confer radio-resistance in GBM and ultimately are the source of tumour recurrence after radiation.
In addition to being resistant to treatment CSCs also engage in a synergistic relationship with the surrounding tumour microenvironment to promote angiogenesis, proliferation, migration, tumour survival, and immune evasion (Ma et al. 2018; Rich 2007). Taken together this highlights the important role CSCs play in determining tumour response to therapy. There is a desperate need for targeted therapies that either directly kill CSCs or sensitize CSCs to standard cytotoxic therapies in order to improve treatment outcomes.
2.4 Mathematical models of cancer stem cell dynamics
Many different mathematical models have been developed to model stem cell dynamics. Understanding CSC kinetics and interaction with their non-stem counterparts is still limited; theoretical and mathematical models may help elucidate their role in cancer progression and treatment response. Here we focus on a subset of models used in the literature that cover a wide range of modelling techniques and have particularly inspired our modelling used in the preprint presented at the end of this report.
Many of the following models use slightly different terminology to refer to the non-stem cell population such as cancer cell, progenitor cells or tumour cells, for clarity we will refer to non-stem cells always as cancer cells (CCs) throughout this review.
2.4.1 Agent-based models
In (Enderling et al. 2009) and (Gao et al. 2013) the authors develop an agent-based model (ABM) to study the dynamics of CSCs and CCs in a tumour. It is assumed that tumours are a heterogenous mix of CSCs and CCs. Cells are considered as individual entities with a cell cycle and limited proliferation capacity . CSCs have unlimited self-renewal, hence . At each cell division CSCs can undergo symmetric self-renewing division with probability  or asymmetric division with probability . The proliferation capacity  is decremented at each CC division and inherited by both daughter cells.
Simulations of the ABM model revealed the following key results:
· Tumours developing solely from CCs will inevitably die out, due to their limited proliferation capacity. Hence, CSCs are necessary for malignant tumour growth. This is consistent with experimental results showing only CSCs can initiate tumours (Lapidot et al. 1994; Singh et al. 2004).
· Tumours started from a single CC could still persist for a long time as long-term dormant lesions, but due to space-limited growth remain small – well below the potential maximum size of . Significant growth only occurs once a CSC is initiated. In fact, even with a single CSC, the tumour may remain small for an extended period due to space-limited growth. This is consistent with the observation that many tumours remain dormant for many years before they start to grow (Sweeney 1995; Neves-E-Castro 2006; Folkman and Kalluri 2004).
· A high rate of spontaneous death of CCs actually enables room for sufficient stem cell divisions to enrich the stem cell pool and drive tumour growth. This leads to what they call the “tumour growth paradox”, where counterintuitively an increase in the death rate of CCs decreases the total tumour size in the short term, in the long run it leads to an increase in the total tumour size as the tumour contains more CSCs.
Mathematically the tumour growth paradox is defined as follows.
Definition 2.1 (Tumour growth paradox) Let  denote a total tumour population with death rate  for CCs. The population exhibits a tumour growth paradox if there exist death rates  and times  and  such that
[bookmark: eq-tumour-growth-paradox]
2.4.2 Integro-differential model
Following on from the ABM developed in (Enderling et al. 2009; Gao et al. 2013), in (Hillen, Enderling, and Hahnfeldt 2013) the authors develop an integro-differential equation version of the model, based on the same assumptions as in (Enderling et al. 2009; Gao et al. 2013) outlined in Section 2.4.1. Let  denote the density, in cells per unit space, and let  denote the density of CCs. Hence, the total tumour density is denoted . For this analysis cells are assumed to be very small compared to the size of the tissue domain  (which we take without loss of generality to have unit volume). It is also assumed that cells cannot pile on top of each other so there is a maximum density of one cell per unit space, this implies . Cells can only proliferate if there is space to place the daughter cells, otherwise reproduction is inhibited (cellular quiescence). To model the spatial search for space, they define a nonlinear integral term, consistent with the ABM (Enderling et al. 2009; Gao et al. 2013) they assume that all cells can migrate randomly, which is modelled by simple diffusion. These assumptions lead to the following system of equations to describe CSC and CC dynamics:
[bookmark: eq-integro-differential-CSC-model]
The spatial distribution kernel  describes the rate of progeny contribution to location x for a cell at location y per “cell cycle time” i.e., the defined period between divisions of a freely cycling cell. Since greater density at  would be expected to hinder progeny occupation it is assumed that  is monotonically decreasing in , with  at . The number of cell cycle times per unit time of CSCs and CCs are denoted by  and , respectively, and for simplicity it is assumed that  throughout. The parameter  with , as in the ABM (Enderling et al. 2009; Gao et al. 2013), denotes the fraction of CSC divisions that are symmetric self-renewal, while  is the fraction of asymmetric divisions. The parameter  denotes the spontaneous death rate of CCs. Background cell motility is modelled by the diffusion coefficients  and  for CSCs and CCs, respectively. The system is considered to hold in a smooth bounded domain , with homogeneous Neumann or Dirichlet boundary conditions.
Homogeneous Neumann boundary conditions correspond to a boundary that is impenetrable by cells, this could for example represent a tissue surrounded by membranes, smooth muscle tissue, or bone, and are given by
[bookmark: Xe9cb267e17e7211607657da95944a01bca163d5]
where  is the normal derivative at the boundary. The redistribution kernel can only redistribute cells within this domain , hence we impose
[bookmark: eq-redistribution-kernel-neumann-BC]
Homogeneous Dirichlet boundary conditions correspond to a boundary that cells can freely leave but not re-enter again, for example this could represent intravasation into adjacent blood vessels, and are given by
[bookmark: X2ab1cc714be4ba08b23cbcfbfc25ce6032edf3b]
The redistribution kernel describes transport of cells out of the domain but does not allow entering from the outside in, hence
[bookmark: eq-redistribution-kernel-dirichlet-BC]
Based on these two boundary conditions we can model any combination of domains such as partially covered by membranes, partially permeable membranes and adjacent blood vessels.
2.4.3 ODE model reduction
In order to analyse this model analytically (Hillen, Enderling, and Hahnfeldt 2013) reduce the system of integro-differential equations (Equation 2.2) to a system of ordinary differential equations in the following way.
Reduction 1: Progeny placement depends only on the density at the destination
In this case . Introducing mean densities which, given that the domain  has unit volume, can be written as
[bookmark: eq-density-mean]
Then Equation 2.2 becomes:
[bookmark: eq-first-reduction-ODE-CSC-model]
Reduction 2: Density is uniform across the domain
If tumour growth is assumed uniform across the domain then,  and  and  can be replaced with their spatially averaged values ( and ) and diffusion is zero everywhere. Therefore, Equation 2.8 becomes:
[bookmark: eq-ODE-CSC-model]
where the volume filling constraint  is taken to be
[bookmark: eq-volume-filling-constraint]
An exponent of  corresponds to a linearly decreasing rate of occupancy for newborn cells as the total density  increases. Since cells are nonrigid, deformable and able to squeeze into available spaces (Hillen, Enderling, and Hahnfeldt 2013) argue that  is appropriate and take it to be , in all their simulations.
Without a CSC population , the density of CCs  satisfies the equation
[bookmark: eq-ODE-TC-only-model]
Since  is a decreasing function of  the CC population will die out when . Note that this does not specifically set a limited proliferation capacity for CCs, as was the case in (Enderling et al. 2009), rather if  then  for all  hence the CC population will never survive on its own.
This simpler ODE model allows for analysis of the steady states, from which it can be shown that the pure stem cell steady state  is a global attractor. Therefore, this model predicts that for long times the tumour will consist of only stem cells. Intermediate tumour composition and the time at which the steady state is achieved are dependent on cell death rate . The convergence to  is somewhat surprising as typically the CSC compartment is considered small, comprising only 1-3% of the total tumour (Bao et al. 2006). This suggests that the model may miss key biological dynamics of the CSCs such as some stem cell death and feedback regulation of symmetric / asymmetric division. However, (Hillen, Enderling, and Hahnfeldt 2013) argue that this does not interfere with their analysis, as they are interested in the intermediate time dynamics of tumour initiation and growth, rather than the long-term behaviour as .
2.4.4 Stochastic model of CSC dynamics
In (Turner et al. 2009), the authors develop a stochastic model for the dynamics of CSCs and CCs, particularly for the case of brain cancer. This stochastic model is particularly appropriate for situations in which small numbers of cells are present such as in vitro or in the early stages of tumour formation. In these cases stochastic fluctuations may have significant effects and cannot be neglected. To study larger populations the authors then derive a deterministic ODE model, based on the stochastic master equation, that describes the average number of CSCs and CCs.
The model assumptions on CSCs and CCs are largely similar as those given previously in Section 2.4.1. However, one key difference is that CSCs are assumed not to be immortal so have some probability of death. Defining  as the probability that there are exactly  CSCs and  CCs at time , the stochastic master equation is given by
[bookmark: eq-stochastic-master-equation]
This model explicitly accounts for all three types of CSC division shown in Figure 2.1 where  symmetric self renewal probability,  asymmetric division probability,  symmetric differentiation probability, and  represents the overall CSC division rate. While the model in Section 2.4.2 only accounts for asymmetric division it can be shown that these two formulations are equivalent for a large set of parameter values (Hillen, Enderling, and Hahnfeldt 2013). The parameters  and  represent the rate of apoptosis for CSCs and CCs respectively. Due to the model’s stochastic nature, and the inclusion of a death probability for CSCs, it can be shown that the occurrence of a single CSC will not necessarily result in a tumour, even if the probability of self-renewal is greater than the probability of differentiation. This is in contrast to the previous models discussed (Enderling et al. 2009; Hillen, Enderling, and Hahnfeldt 2013) and to a deterministic version of this model (Equation 2.13) that would predict exponential growth of the tumour from a single CSC.
For larger cellular populations it becomes more challenging to simulate such a stochastic model and it becomes pertinent to consider the equations for the average number of CSCs and CCs. Defining the mean cellular populations ,  and  (i.e., the difference in symmetric self-renewal division and asymmetric differentiation division), the deterministic model is given by
[bookmark: eq-deterministic-master-equation]
This model is largely similar to the ODE model presented in (Hillen, Enderling, and Hahnfeldt 2013), Equation 2.9. The main differences are that Equation 2.13 includes a rate of CSC apoptosis  and Equation 2.13 does not account for completion for space. Although (Turner et al. 2009) introduce this into a later version of the model, where they take  to be given by , where  and  are the limiting populations of stem and CCs respectively. However, a limitation of this approach is that it does not account for competition between CSCs and CCs for space and resources.
2.4.5 A multispecies PDE model of cell lineages
In (Youssefpour et al. 2012) the authors develop a multispecies PDE model for CSC lineage dynamics. This is the first model we have looked at that considers more than the two cell types, CSCs and CCs. Here the model is more complex and accounts for CSCs, committed progenitor cells, terminal cells, and dead cells. As with the previous models we have looked at it is assumes that differentiation and feedback processes link the cells’ lineage through self-renewal fractions and mitosis rates. The dependent variables in the model are the local volume fractions of the cell species denoted , as well as healthy cells and water . Assuming there are no voids the sum of the volume fractions equals 1 and each cell type follows a conservation equation of the form
[bookmark: eq-youssefpour-multispecies]
where  denotes the volume fraction of the cell type,  is generalized diffusion,  is the mass-averaged velocity of the solid components,  denotes the mass-exchange terms. This type of multiphase volume fraction approach has been widely used in cancer modelling (Lowengrub et al. 2010; Breward 2003; Hubbard and Byrne 2013). Simulation of this model show that the distributions of cell populations obtained from ABM model (Enderling et al. 2009) and if this mutlspecies model are different. In the ABM CSCs tend to be located either at the center of small tumour clusters or distributed relatively uniformly throughout the tumour, some CSCs may migrate past the tumour boundary and generate new tumour clusters that eventually join the primary cluster crating an irregular boundary. On the other hand, the continuum model finds that CSCs tend to be located at the boundary of sufficient large tumour spheroids, this is consistent with some experiments (Vlashi et al. 2009). For smaller spheroids the CSCs may be more uniformly distributed. The patterns of CSCs and CCs are due to the cell signaling model implemented, detailed in Section 2.5.1, where the CSC self-renewal fraction is regulated by feedback factors produced by the different cells types (Youssefpour et al. 2012).
2.5 Models of differentiation therapy
If, as with normal tissues, cellular phenotypic heterogeneity within tumours can be explained by a hierarchy of differentiation, with only a subset of stem-like cells capable of long-term self-renewal, this raises the prospect that signals promoting differentiation could be effective at driving malignant cells to a less aggressive and ideally post-mitotic differentiated state (Carén, Beck, and Pollard 2016). This differentiation therapy approach has seen success in acute promyelocytic leukemia (APL) where all-trans-retinoic acid (ATRA) can promote differentiation of CSCs and lead to complete remission (Yan and Liu 2016; De Thé 2018). In GBM, bone morphogenetic protein 4 (BMP4), a member of the TGF- superfamily, has shown potential as a differentiation therapeutic agent. BMP4 has been shown to drive differentiation of GSCs towards a predominantly glial (astrocytic) fate, to reduce GBM tumour burden in vivo and to improve survival in a mouse model of GBM (Nayak et al. 2020; Piccirillo et al. 2006). Despite its potential as a treatment option relatively few mathematical models have considered its possible effects on tumour growth (Youssefpour et al. 2012; Bachman and Hillen 2013; Turner et al. 2009).
2.5.1 Differentiation promoter and self-renewal promoter
In (Youssefpour et al. 2012) they follow (Lander et al. 2009) and assume that the proliferation and differentiation of CSCs are regulated by factors in the tumour microenvironemnt that feedback on self-renewal fractions and mitosis rates. In particular, they denote the differentiation promoter  (for TGF-beta superfamily members) that reduces the probability of self-renewal for CSCs. They also account for self-renewal promoter  which increases the probability of self-renewal of CSCs, as well as an inhibitor of  denoted . Possible self-renewal promoters include WNTs, Notch and Shh (Pannuti et al. 2010; Bailey, Singh, and Hollingsworth 2007). Using the notation introduced in Section 2.4.5, they define the CSC self-renewal fraction as
[bookmark: eq-youssefpour-Ps]
where  and  are the minimum and maximum probability of CSC self-renewal, taken to be  and  respectively.  and  represent the concentrations of the self-renewal promoter and differentiation promoter respectively. The parameters  and  quantify the sensitivity of CSCs to the regulating proteins.
The concentrations of differentiation promoter and self-renewal promoter are then modelled as follows. It is assumed that  is more diffuse than either  or . Therefore, on the time scale of cellular proliferation they make the quasi-steady-state assumption that time derivatives and advection of  can be neglected. Thus, the quasi-steady reaction-diffusion equation for  is given by
[bookmark: eq-youssefpour-T]
where  is the diffusion coefficient, ,  and  are the uptake rate by CSCs, the rate of decay and the rate of production by the terminal cells, respectively.
To model the self-renewal promoter  and its inhibitor  a generalized Gierer-Meinhard-Turing system of reaction advection diffusion equations is used, given by
[bookmark: eq-youssefpour-W-WI]
where
[bookmark: eq-youssefpour-f-g]
The parameters  and  are the diffusion coefficients, ,  and ,  are the production and decay rates of  and  respectively. The parameter  represents a low-level source of  from all the tumour cells.
To model differentiation therapy (Youssefpour et al. 2012) fix  and introduce an external source of  i.e., a constant source term is added to Equation 2.16.
2.5.2 No self-renewal promoter
In (Bachman and Hillen 2013) they follow (Youssefpour et al. 2012) and model differentiation therapy through a relationship between the average level of differentiation promoter, which they denote  and the probability of CSC self-renewal . However, they do not include the effects of a CSC self-renewal promoting factor, thus
[bookmark: eq-bachman-Ps]
where the notation is the same as in Equation 2.15. Since (Bachman and Hillen 2013) do not model endogenous production of differentiation promoter,  solely represents the level of differentiation promoter prescribed during differentiation therapy. To address this lack of endogenous differentiation promoters they take  (which is equivalent to setting  as was done in (Hillen, Enderling, and Hahnfeldt 2013)) and , as is done in (Youssefpour et al. 2012).
As (Bachman and Hillen 2013) use the ODE model developed in (Hillen, Enderling, and Hahnfeldt 2013) they must also develop a submodel for the average level of differentiation promoter. As it is an ODE model they consider the average level of differentiation promoter within a spatially homogeous tumour . It is assumed that the tumour resides within a spherical region of tissue and that differentiation promoter enters this area through the boundary. The differentiation promoter enters the region from the boundary and will diffuse very quickly and attain a steady state distribution over this region. To compute the value of  they solve the problem of diffusion over a sphere of radius  and average the solution over the volume of the sphere. We use the lower case letter to describe the radial symmetric solution  of the following boundary value problem
[bookmark: eq-bachman-CF]
where  is the effective diffusivity of the differentiation promoter. Before differentiation therapy begins , when differentiation therapy begins the boundary condition on the sphere is set to , and the promoter diffuses into the sphere. When differentiation therapy ends, the boundary condition is simply set to 0 and the promoter diffuses out of the sphere. They then set
[bookmark: eq-bachman-CF2]
2.5.3 BMP4 in glioma
In the previous models (Youssefpour et al. 2012; Hillen, Enderling, and Hahnfeldt 2013) they considered a general differentiation promoter, in (Turner et al. 2009) they consider the specific differentiation promoter BMP4 in GBM. As in the case for the general differentiation promoter they interpret the effects of BMP4 as decreasing the net symmetric division rate  (following the notation used in Section 2.4.4). Based on (Piccirillo et al. 2006) they estimate that from a pre-treatment value of  the effect of BMP4 is to reduce  to , note that following the notation used in Section 2.4.4  is defined as  so a change of  to negative represents a both an increase in the proportion of symmetric differentiation divisions and a decrease in symmetric self-renewal divisions. To model differentiation therapy the parameter value  is simply switched between these two values for the duration of BMP4 exposure.
2.5.4 Summary of differentiation therapy results
All the models compare 3 different treatment cases radiation alone, differentiation therapy alone and combination therapy. Importantly, as has been shown, all models assume that CSCs are less sensitive to radiation than CCs (Bao et al. 2006; Tang et al. 2021b; Hitomi et al. 2021b). Despite the slight differences in assumptions and implementation, all models find similar results. Radiotherapy alone fails as some CSCs survive and are able to repopulate the tumour. In fact, all models show an extension of the “tumour growth paradox” which we term the “tumour treatment paradox”. When treating with radiation alone the fraction of CSCs increases, since the CCs are more susceptible they significantly reduce their numbers leaving more room for CSCs. This CSC enriched post-treatment state allows much more rapid re-growth of the tumour. This suggests that current standard of care treatment selects for the more resistant CSCs. Thus treatment often facilitates more rapid and aggressive tumour recurrence. Differentiation therapy alone can successfully eradicate the tumour, however, given all models assume that CSCs can only transform into CCs through cellular division, rather than direct transition, large intermediate values of total tumour size may be reached using this approach. Combination of differentiation and radiotherapy out performed either single therapies, often showing that the tumour can be driven to much smaller sizes and potentially extinction. This is because the differentiation agent induces CSCs to turn into CCs which then can be killed by traditional radiation therapy. This combination therapy can be considered a new class of strategies for cancer therapy known as evolutionary steering approaches. Rather than reactively altering treatment as resistance is acquired we proactively select our treatment to minimise resistance and increase chance of extinction (Enriquez-Navas, Wojtkowiak, and Gatenby 2015; Acar et al. 2020).
2.6 Conclusion
In summary, mathematical models of CSC dynamics provide valuable insights into tumour growth, dormancy, and response to treatment. While the models reviewed here vary in their complexity and underlying assumptions, they all highlight the critical role of CSCs in tumour maintenance, treatment resistance and tumour recurrence. Mathematical modelling provides a unique tool for analysing the non-trivial interaction between CSCs and CCs that can arise from fairly simple assumptions, allowing us to verify or generate new hypothesis in order to better understand the role of CSCs.
The differentiation therapy approach aims to drive CSCs within tumours toward a differentiated state, potentially mitigating their self-renewal capacity and aggressiveness. Despite this, many challenges remain in developing differentiation therapies that can be used in a clinical setting (Carén, Beck, and Pollard 2016). One key challenge particularly in GBM is delivery of differentiation therapy to the tumour microenvironment, due to the blood brain barrier (BBB) which limits transport into the brain. New delivery mechanism to combat this are being developed such as adipose derived mesenchymal stem cells, containing BMP4 in nanoparticles. These can be delivered directly into the tumour at the time of resection or systemically as they have been shown to cross the BBB (Li et al. 2014a; Mangraviti et al. 2016a; Pendleton et al. 2013a). Additionally as with all therapies there is vast heterogeneity between patient response to differentiation therapy, indicating the importance of identifying biomarkers for sensitivity to such therapies. In work in preparation it has been shown that GBM cell lines that did not express pRBS were unresponsive to differentiation therapy (Farias et al., n.d.a). Mathematical modelling may also help improve the effectiveness of differentiation therapy strategies optimising its delivery in combination with standard cytotoxic therapies as well as elucidating the mechanism through which CSCs drive tumour growth.
In the next chapter I present our preprint, looking at a model for BMP4 induced differentiation therapy in GBM, which is available on bioRiv Virtual Clinical Trials of BMP4 Differentiation Therapy: Digital Twins to Aid Glioblastoma Trial Design.
3. Virtual Clinical Trials of BMP4 Differentiation Therapy: Digital Twins to Aid Glioblastoma Trial Design
We leverage an integrative mathematical modeling framework to translate the impact of preclinical findings in virtual clinical trials. We develop a virtual clinical trial pipeline to face the real-world problem of numerous of actual early phase clinical trials that have failed for glioma/glioblastoma, the most common primary brain tumor. Even with the most promising preclinical data, designing clinical trials is fraught with challenges, including controlling for the many parameters used to inform patient selection criteria. Here, we introduce a virtual trial pipeline that allows us to consider the variability from some of these criteria that can be used for future trials of novel therapies. As an example, we apply this to the proposed delivery of BMP4 to stem cell niches present in glioblastoma, the most aggressive glioma, known for its inter- and intra-patient heterogeneity. The proposed approach of BMP4 treatment, delivered through adipose-derived mesenchymal stem cells, aims to promote cellular differentiation away from the treatment-resistance stem cell niches towards a more treatment-vulnerable state. This pipeline will help us narrow down strategies for future trials, optimize timing of treatments relative to key standard-of-care treatments, and predict synergy amongst the developed treatments.


3.1 Introduction
Glioblastoma (GBM) is the most commonly diagnosed primary malignant brain cancer in adults. Current standard of care consists of maximal safe surgical resection followed by concurrent radiotherapy and chemotherapy (with temozolomide) (Stupp et al. 2005). Despite this aggressive treatment, outcomes remain poor with median survival of only 15 months (Ostrom et al. 2019). The aggressiveness and fatal outcomes of GBM can be attributed to its highly infiltrative nature and to its vast intra- and inter-patient heterogeneity. Malignant cells can be found infiltrating far into the peritumoral areas of the brain and are undetectable by conventional imaging and operative techniques. Furthermore, tumors contain an array of different cell types with distinct molecular and phenotypic characteristics, hindering therapy efficacy. In particular, previous studies have identified a sub-population of malignant glioma cells with stem-like characteristics known as glioma stem cells (GSCs) or brain tumor initiating cells (BTICs). These cells are highly resistant to both radio- and chemo-therapy and therefore contribute to treatment failure (Bao et al. 2006; Singh et al. 2004). Thus, if treatment outcomes are to be improved for patients with GBM, it is vital that therapeutics that specifically target these GSCs are developed.
The existence of a population of cancer stem cells (CSCs) was first established in leukemia (Lapidot et al. 1994; Bonnet and Dick 1997). More recently CSCs have been identified in many solid tumors including breast, colon and brain (Al-Hajj et al. 2003; Ricci-Vitiani et al. 2007; Ignatova et al. 2002; Hemmati et al. 2003; Singh et al. 2004; Galli et al. 2004). In GBM, cells expressing the CD133 cell surface protein marker (also found on neural stem cells) have been identified as GSCs based on their exclusive ability to commence and support tumor growth (Singh et al. 2004). In addition to being tumor initiating, GSCs are highly resistant to both radio- and chemo-therapy as they are more efficient at inducing repair of damaged DNA (Bao et al. 2006; Tang et al. 2021a; Rich 2007; Stiles and Rowitch 2008; Schonberg et al. 2014; Turner et al. 2009; Dirks 2006). Furthermore, they also engage in a synergistic relationship with the surrounding tumor microenvironment (TME) to promote angiogenesis, proliferation, migration, tumor survival, and immune evasion (Ma et al. 2018). Under the brain cancer stem cell hypothesis, it is becoming increasingly clear that while radiation may be transiently effective, treatment ultimately fails in the long run if any GSCs survive (Dingli and Michor 2006).
If, as with normal tissues, cellular phenotypic heterogeneity within tumors can be explained by a hierarchy of differentiation, with only a subset of stem-like cells capable of long-term self-renewal (Carén, Beck, and Pollard 2016), this raises the prospect that signals promoting differentiation could be effective at driving malignant cells to a less aggressive and ideally post-mitotic differentiated state. This differentiation therapy approach has seen success in acute promyelocytic leukemia (APL) where all-trans-retinoic acid (ATRA) can promote differentiation of CSCs and lead to complete remission (De Thé 2018; Yan and Liu 2016). In GBM, bone morphogenetic protein 4 (BMP4), a member of the TGF- superfamily, has shown potential as a differentiation therapeutic agent. BMP4 has been shown to drive differentiation of GSCs towards a predominantly glial (astrocytic) fate, to reduce GBM tumor burden in vivo and to improve survival in a mouse model of GBM (Nayak et al. 2020; Carén, Beck, and Pollard 2016; Piccirillo et al. 2006). The precise mechanism through which BMP4 acts is unknown but a possible explanation is that it reduces the frequency of symmetric divisions of GSCs (Guerrero-Cázares et al. 2014), and previous mathematical models of differentiation therapy have assumed that differentiation promoters act in this way (Youssefpour et al. 2012; Bachman and Hillen 2013).
Adipose derived mesenchymal stem cells (AMSCs) provide a possible alternative to traditional treatment, as these cells preferentially migrate toward areas of malignancy, and can be utilized to home towards the infiltrating glioma cells (Li et al. 2014b; Mangraviti et al. 2016b; Pendleton et al. 2013b; Smith et al. 2015; Doucette et al. 2011). Additionally AMSCs can be engineered to secrete BMP4 for GBM therapy, and a migration assay showed that compared to controls, engineered AMSCs significantly retained their tropism and preferential migration towards GBM factors (Mangraviti et al. 2016b; J. Kim et al. 2020; Guerrero-Cázares et al. 2014; Tzeng et al. 2011). It has been shown that nanoparticle-engineered AMSCs maintain their multi-potency characteristics and release their therapeutic cargo progressively, furthermore systemically-delivered engineered AMSCs can cross the blood-brain barrier and retain their preferential tropism towards gliomas (Mangraviti et al. 2016b). Therefore, AMSCs delivery promises the ability to hone in on GSC niches and locally release treatment to these regions. BMP4-loaded AMSCS (BMP4-AMSCs) would theoretically migrate to GSCs, release BMP4, and increase the rate of their differentiation, reducing the number of GSCs and increasing sensitivity to standard treatments.
Clinical trials typically consist of four phases in which a new intervention is investigated in human subjects to determine its safety and efficacy. This system is notoriously resource intensive and inefficient. The average cost per patient is $59,500 and takes more than 10 years, with only 10% of drugs in phase 1 studies eventually approved (Dowden and Munro 2019; Yankeelov et al. 2024). In GBM, the statistics are even worse; multiple recent phase 3 trials have failed to meet their prespecified primary endpoints (Bagley et al. 2022; Reardon et al. 2020; Cloughesy et al. 2020; Weller et al. 2017; Narita et al. 2019; Roth et al. 2021). Of course, there are many reasons for these failures including inter- and intra-patient variability, drug delivery limitations, paucity of control arms, overly stringent clinical eligibility, and beyond (Bagley et al. 2022).
Increasingly, it is being realised that mathematical modelling and in silico clinical trials can assist in addressing a number of these problems. Subfields such as virtual clinical trials (Craig et al. 2023), phase i trials (E. Kim et al. 2016), and digital twins (Wu et al. 2022) have evolved all with the aim to create simulated patients or patient cohorts that can be used as a surrogate to predict the effects of treatment on a more personalized level. This approach has been applied to a variety of cancers, including breast cancer (Wang et al. 2019; Wang et al. 2020), head and neck cancer (Zahid et al. 2021), melanoma (E. Kim et al. 2016), and ovarian cancer (Cardinal et al. 2022). Here, we take a similar in silico approach to glioblastoma and its proposed treatment with BMP4-AMSCs.
3.2 Materials and methods
We use mathematical modelling to simulate GSC-driven brain tumor growth. Our model describes the interplay of GSCs () and non-GSCs (). To describe radiation therapy we use the well-established linear quadratic model (R. Rockne et al. 2009; McMahon 2018) with realistic standard treatments (five treatments per week, weekends off, for six weeks) and with tissue-specific radiosensitivity parameters. Following (Bachman and Hillen 2013; Youssefpour et al. 2012) we model differentiation therapy as decreasing the propensity for self-renewal of GSCs.
3.2.1 Pre-clinical data
To quantify the effect of BMP4 on sensitising GSCs, we used data collected from a clonogenic radiotherapy (RT) assay (Farias et al., n.d.b). Five GSC cell lines were treated with either complete media (untreated control), BMP4 (100 ng/ml), BMP4-AMSCs conditioned media (100 ng/ml BMP4), or a similar volume of non-engineered AMSC conditioned media for a period of 48 hours, then seeded at 250-1250 cells per well in 96 well plates and treated with 0, 2, 4, 6 Gy of radiation, with six replicates in each case. After 14 days the colonies with more than 100 nm diameter were manually counted.
Typically, the linear quadratic (LQ) model is used to describe the surviving fraction of cells after radiation. However, this assumes only one cell type is present (R. Rockne et al. 2009; McMahon 2018; Yu et al. 2015). In the control case, GSC lines are cultured in stem cell media, so we assume that cells will remain as GSCs unless any BMP4 or other differentiation promoter is present, thus the LQ model is applicable. However, when BMP4 is applied some amount of differentiation of GSCs will take place that explains the increased sensitivity to RT. To get an estimate for the amount of differentiation that took place over 48hr exposure, we fit a dual-linear quadratic (DLQ) model similar to that of (Yu et al. 2015), given by:
[bookmark: eq-DLQ]
where  is the RT dose,  is the fraction of GSCs and  is the protection factor for GSCs that accounts for the fact that GSCs are less sensitive to radiation than other cancer cells; previous experiments have estimated GSC radio-protection to be  (Gao et al. 2013). We infer the radiobiological parameter from the cell line data in the following way. First, we assume that since the GSC lines are cultured in stem cell media no differentiation will take place, therefore we fit the LQ model to the control case for each cell line, assuming the ratio  (R. Rockne et al. 2010), to get an estimate for . These form the cell-line-specific radiosensitivity parameters. Using these parameters we fit the DLQ model to the BMP4 treated survival data, treating  and  as fixed constants for each cell line from the control case so that we are only fitting for . This allows us to get an estimate of the fraction of GSCs after 48hrs exposure to BMP4 in each cell line. The fitted  and  for all the cell lines are shown in Table 3.1.
3.2.2 Model assumptions and equations
· GSCs have unlimited replicative potential.
· GSCs are capable of both self-renewing and differentiating. Using the same notation as (Youssefpour et al. 2012) we denote the proportion of GSCs that self-renew by . This does not distinguish between symmetric and asymmetric division, but rather just considers the overall fraction of proliferating cells that self-renew () and differentiate ().
· Progenitor cells (PCs) have a limited replicative potential, this ensures that they are not tumor-initiating. Following (Enderling et al. 2009; Gao et al. 2013), the proliferative potential of PCs is set to a maximum of  divisions. Once PCs have divided  times they become terminally differentiated (TC) and can no longer proliferate.
Figure 3.1 shows a schematic of this model. Following these assumptions, we derive the following equations,
[bookmark: eq-gsc-model]
where  is the density of GSCs,  is the density of PCs (at proliferation level ) and  are terminally differentiated cells. The total density of the tumor is given by . The apoptosis rate for GSCs is  and for PCs are given by . The proliferation rates of GSCs and PCs are given by ,  respectively, where we assume all  are equal. These proliferation rates are subject to a crowding response, represented by the term  where  is the carrying capacity of the tumor.
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Figure 3.1: Model schematic, showing how GSCs differentiate into progenitor cancer cells which can then divide a number of times, doubling in number each time (Equation 3.2). Eventually, PCs become terminally differentiated and are no longer able to proliferate. Introduced AMSCs gradually die and release BMP4 (Equation 3.3) which modifies the self-renewal rate  according to Equation 3.4. (created with BioRender.com)


3.2.2.1 Differentiation therapy with mesenchymal stem cell delivery model
A possible delivery mechanism for BMP4 is via AMSCs. These could be implanted at the time of resection, or systemically with the ability to cross the blood-brain barrier and subsequently diffuse with preferential tropism towards glioma cells. We model AMSCs as simply decaying exponentially from an initial concentration at implantation. BMP4 is released from these AMSCs and taken up by GSCs. The equations for both the AMSC and BMP4 are thus given by.
[bookmark: eq-AMSC-BMP4-model]
where  is the decay rate of AMSCs,  is the rate at which AMSCs release BMP4,  is the uptake rate of BMP4 by GSCs and  is the decay rate of BMP4. In vivo experiments have shown that AMSCs can survive for around 14 days in a rodent model and that BMP4 reaches its peak concentration at around 48hrs after initial implantation of AMSC (Li et al. 2014b).
3.2.2.2 BMP4 model
Following (Bachman and Hillen 2013), we model differentiation therapy through a simple relationship between the level of differentiation promoter (BMP4), and the probability of GSC self-renewal, , and do not consider the effect of a GSC promoter such as WNT (Lee et al. 2016; Youssefpour et al. 2012). Therefore, the relationship between  and BMP4 is given by
[bookmark: eq-Ps]
where  and  are the minimum and maximum self-renewal probabilities and  represents the concentration of BMP4.  is attained if there is no BMP4 present, while  is approached as . We do not consider any endogenous production of BMP4 (or other differentiation promoter), therefore it is only present during differentiation therapy. The parameter  represents the sensitivity of GSCs to BMP4, as  increases (for the same concentration of BMP4)  is approached faster. Any other potential effects of BMP4, for example on growth rates, are ignored as they are in (Youssefpour et al. 2012) and (Bachman and Hillen 2013).
3.2.2.3 Radiotherapy model
We model the effects of radiotherapy using the linear quadratic (LQ) model, which is widely used in mathematical modelling of RT (R. Rockne et al. 2010; R. Rockne et al. 2009; O’Rourke, McAneney, and Hillen 2009; McMahon 2018). The fraction of cells that survive,  after a single fractional dose of,  Grays (Gy) of radiation is given by
[bookmark: eq-LQ-model]
where  can be interpreted as death from single-stranded breaks (linear component) and  can be interpreted as death from double-strand breaks (quadratic component). It has been shown that the value of  correlates with the proliferation rate of the tumor. We can use this linear relationship to estimate  on a patient-specific level as  (R. Rockne et al. 2010). To account for the fact that GSCs are less sensitive to radiation than other cancer cells, we include the additional radio-protection parameter . Previous experiments have estimated GSC radio-protection to be  (Gao et al. 2013; Bao et al. 2006). Additionally, the model contains cells that are terminally differentiated and so do not proliferate. RT primarily targets actively proliferating cells so is less effective against non-proliferating cells. We include  to account for this radio-protection of non-proliferating cells, previous experiments have found this to be around  (Gao et al. 2013; Griffin 2006; Potten 1981).
It is assumed that all effects of radiation on tumor cell density are instantaneous, and no delay or otherwise toxic effects of radiotherapy are considered. Nor are any effects on proliferation rate as a result of radiotherapy considered. Therefore, we model the effects of radiotherapy as an instantaneous reduction of tumor density. Considering each compartment of the model (Equation 3.2) separately we modify them by
[bookmark: eq-radiation_model]
3.2.2.4 Resection model
Similarly to radiotherapy we model resection as an instantaneous loss of density, applied to each model compartment separately as
[bookmark: eq-resection_model]
where  is the surviving fraction after resection. Chaichana et al. investigated the efficacy of resection found that on average resection resulted in a  reduction in tumor volume, so we take  (Chaichana et al. 2014).
3.3 Results
We explore the model for a range of different parameter values to help us identify possible strategies for patient selection in early phase clinical trials of BMP4 therapy, as well as explore different delivery schedules, to increase the likelihood of observing successful clinical trials. We parameterise our model to 5 GBM cell lines where we have known doubling times, radiotherapy response, and exposure to BMP4. This allows us to estimate reasonable values of sensitivity to BMP4. We develop a virtual clinical trial pipeline that allows us to assess the likelihood of observing a successful trial for different patient populations.
3.3.1 Simulating radiotherapy experiments
To parameterise the model we simulate the radiotherapy assay described in Section 3.2.1. In the assay a small number of cells were seeded and allowed to grow for 48hrs exposed to either CTRL (GSC media) or BMP4 (100ng/ml) then radiotherapy at 0,2,4,6 Gy was applied. The number of surviving colonies was then counted. To simulate this we initialise our model with a small density of GSCs. The cells are cultured in GSC media in the CTRL case so we assume no differentiation takes place before treatment (i.e. ). We simulate the BMP4 as a constant concentration for the 48hrs. From the DLQ model (Equation 3.1) we have an estimate for what the fraction of GSCs should be after the 48hrs and given that we also have the doubling time for each cell line we can fit the parameter , which tells us the change in GSC self-renewal () over the 48hrs.
The fitted  values for each of the 5 cell lines are shown in Figure 3.2 (c) and in Table 3.1. We find that each cell line has a distinct sensitivity to BMP4, in agreement with work in preparation (Farias et al., n.d.b) which shows that GBM1a, QNS657 and QNS120 are sensitive to BMP4 while QNS315 and QNS108 are resistant to BMP4 treatment.
		[bookmark: fig-sim_RT_assay_GBM1a][image: images/png/simulated_RT_assay_GBM1a.png]
(a)



	 



		[bookmark: fig-sim_dose_response_GBM1a][image: images/png/simulated_dose_response_GBM1a.png]
(b)






	 



		[bookmark: fig-psi_values_visualised][image: images/png/psi_values_visualised.png]
(c)





Figure 3.2: Simulated radiotherapy assay. (a) Initially a small number of cells were seeded (represented by a small density of tumor cells). These were grown for 2 days under either control or 100ng/ml BMP4. After 2 days, radiotherapy was applied at different dosages and the number of surviving colonies were counted. The red star indicates when RT was applied (48 hrs) and the green stars indicate the final measured density of tumor immediately after radiotherapy for different doses of radiation. (b) Simulated dose response to radiotherapy after fitting  in the ODE model to provide the expected fraction of GSCs given the doubling time of the cell line. (c) Each of the cell lines has a distinct sensitivity to BMP4 denoted .
 
	Table 3.1: Fitted parameter values and metadata from cell lines. All cell lines are from primary tumor. It is assumed that  is fixed for all cell lines.
	Cell line
	
	F
	Doubling time (hrs)
	Sensitivity to BMP4 ()
	Sex

	GBM1a
	0.338
	0.571
	54.7
	0.00850409
	Male

	QNS120
	0.116
	0.770
	43.5
	0.002094342
	Male

	QNS108
	0.151
	0.949
	109
	0.000918066
	Male

	QNS315
	0.0841
	1
	63.6
	0
	Female

	QNS657
	0.104
	0.707
	75.6
	0.006332659
	Female





3.3.2 Model simulations
We simulate our model for a range of parameter values to explore the effect of BMP4 on tumor growth. Based on our fitted values of  we consider a range from , the full parameter values are given in Table 3.2. To simulate treatment we allow the model to run until the total tumor size reaches , then initiate treatment. To evaluate the effect of BMP4, we compare two treatment arms: standard of care - resection (at the time of detection) followed by radiotherapy 30 days later, and BMP4 - standard of care with the addition of BMP4. To observe the effect of BMP4, we assume a fixed concentration of AMSCs, which release BMP4 at a constant rate, from the time of resection until the end of radiotherapy. In each case we record the number of days until the tumor reaches a size of  and refer to this as time to progression. This allows us to calculate the fold change in time to progression to directly compare for each set of parameters how much the BMP4 prolonged survival. The results are shown in Figure 3.3 (b).
Since GSCs are less sensitive to RT than other cells, the fraction of GSCs increases during RT; this is shown in our model in Figure 3.3 (a). In particular, radiotherapy is more effective against faster proliferating tumors (R. Rockne et al. 2010) so this effect is particularly pronounced in these tumors. Enrichment of GSCs during RT not only highlights that there are some resistant cells not being targeted by radiotherapy but also since these are the most tumorigenic cells, with a large proportion of GSCs, a recurrent tumor is able to form rapidly (as compared to not at all if no GSCs were present). When we simulated the addition of BMP4 (the dashed lines in Figure 3.3 (a)) we see that this peak in stem-cell fraction is reduced due to the induced differentiation of GSCs. This means that not only is the RT more effective as there are fewer resistant GSCs but also that the tumor will take longer to recur as there are fewer GSCs to drive regrowth. As the increase in GSC fraction is most pronounced in faster proliferating tumors, we see that the relative effect of BMP4 in delaying progression is also largest for these patients.
	Table 3.2: Table of parameter values used. When the value is fixed its value is given, if it is sampled from a distribution then the distribution is given.
	Parameter
	Meaning
	Value / distribution
	Units
	Reference

	
	death rate of GSCs
	0.001
	1 / year
	Estimated

	
	death rate of PCs
	0.01
	1 / year
	Estimated

	
	death rate of TCs
	0.1
	1 / year
	Estimated

	
	death rate of AMSCs
	0.5
	1 / year
	(Li et al. 2014b)

	
	Decay rate of BMP4
	0.5
	1 / year
	(Li et al. 2014b)

	
	Uptake rate of BMP4
	0.5
	1 / year
	Estimated

	
	Release rate of BMP4 from AMSCs
	0.5
	1 / year
	Estimated

	n
	Number of division of PCs
	10
	-
	(Gao et al. 2013)

	
	Proliferation rate of PCs
	
	1 / year
	(Yang et al. 2019)

	
	Proliferation rate of GSCs
	
	1 / year
	Estimated

	
	Radiosensitivity
	
	1 / Gy
	(R. Rockne et al. 2010)
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Figure 3.3: Effect of BMP4 on tumor progression. (a) Example model simulations showing the total tumor density and fraction of GSCs. Red stars indicate when the tumor was detected at  and the blue dot represents the start of radiotherapy (30 days later). Simulated standard of care (resection and radiotherapy) is plotted in solid lines and BMP4-AMSCs is in the dashed lines. During radiotherapy the fraction of GSCs is greatly increased as they are less sensitive than the non-GSCs. When BMP4 is added this enrichment in GSCs is reduced, delaying time for tumor regrowth. (b) Days gained surface. As we increase both the sensitivity to BMP4 () and the proliferation rate the fold change in time to progression increases.
3.3.3 Virtual clinical trial pipeline
Firstly we simulate a large cohort of virtual patients with fix sensitivity to BMP4 based on the parameters identified in Section 3.3.1. We compare our simulated BMP4 patients to virtual controls to show that BMP4 can delay tumor growth. We then develop a pipeline for simulating early-phase 2 clinical trials and calculating the probability of observing a successful trial.
3.3.3.1 Uncertainty in tumor detection and death
We assume that both detection of the tumor and death depend on tumor size in a random fashion for each virtual patient. Detection (death) is more likely the bigger a tumor is, but two tumors of equal size in two patients do not necessarily lead to detection (death) at the same times. Thus, we assume that the times of tumor detection and death, represented by the random variables  and , depend on total tumor density  according to the hazard function
[bookmark: eq-detect_death_hazard]
where
[bookmark: eq-lambda_N]
Here,  is a shifted logistic function;  is the maximum rate of detection that we take to be 1,  describes the steepness of the logistic function, which we set to be 100 in the detection case and 20 in the death case. The constant  is a threshold parameter at which the probability rate of detection or death is half-maximal (each of these for ), we set this to be 0.2 and 0.7 in the detection and death cases respectively.  is the timestep on which the model is solved numerically. This is similar to the approach of (Bartoszyński et al. 2001; Plevritis et al. 2006), apart from our choice of nonlinear dependence on tumor size. The shifted logistic function acts as a switch mechanism, meaning once  the rate of detection or death rapidly increases towards its maximum. Figure 3.4 (a) shows the form of these functions with the parameters used in the virtual trials that follow.
3.3.3.2 Simulated control virtual patient population
To construct a group of control patients, we sample proliferation rates from a distribution consistent with measured proliferation rates of around 300 patients (Yang et al. 2019), from this distribution we sample 200 patients. We then simulate these patients undergoing resection and radiotherapy (standard of care); to consider the effect of BMP4 on survival we assume a constant concentration of 100ng/ml is maintained from detection until the end of radiotherapy and we consider two different sensitivities  and , these values correspond with the cell lines QNS120 and GBM1a from Table 3.1. The results are shown in Figure 3.4. We see that BMP4 improves simulated survival times and that as the sensitivity to BMP4 is increased the response is more pronounced.
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Figure 3.4: Simulated virtual control patients. (a) Tumor detection and death are considered random events which increase in probability as tumor size increases. (b) Histogram of proliferation rates from (Yang et al. 2019), red line shows fitted log normal distribution (c) Example model simulation trajectories showing overall tumor density and fraction of stem cells. The red stars indicate when the tumor was detected and the blue dots when radiotherapy was started. (d) Comparison of survival times for simulated control patients (resection and radiotherapy) with BMP4 treatment, for two different sensitivities to BMP4.
3.3.3.3 Simulated phase 2 trial
In practice a phase 2 trial will have only a small number of patients (typically around 20-40) and the population will be heterogeneous with respect to sensitivity to BMP4. We develop a virtual trial pipeline to consider the chance of observing a successful trial for different virtual populations. We have previously observed that proliferation rate can impact the efficacy of BMP4 treatment (Figure 3.3 (b)). Therefore, we consider 3 stratifications of the population based on proliferation rate. We construct these by sampling twice as many virtual patients as we need for each trial (80) and then splitting them into either the top 50% fastest proliferators, the middle 50%, or the slowest 50%, so that each group has 40 virtual patients. We then split them via a stratified random split, so that both groups have similar distributions of proliferation rates, into control and treatment arms (20 in each), with parameters drawn from Table 3.2 and  from a truncated normal distribution. This assumes knowledge of growth rates for patients enrolled in the trial, which is straightforward for our simulated virtual patients. For each group (fast, medium, slow) we perform 20 virtual trials, each one comprising a distinct set of 40 patients, giving us an idea of the chance of observing a successful trial.
We assume a distribution of sensitivities drawn from a truncated normal distribution with mean sensitivity , so that, according to our model fits this would be a population that has been identified as highly sensitive to BMP4. For this cohort of virtual patients we consider a possible delivery schedule of BMP4-AMSCs which we shall term ‘single-hit’, this consists of a single dose of AMSCs-BMP4 at the time of resection. This is a promising and practical option for BMP4-AMSCs delivery as they can be implanted directly into the tumor at the time of resection and means the patient is receiving some treatment in the time between resection and radiotherapy, when typically they receive none during this time. For this cohort of virtual patients, we implement a series of different concentrations of AMSCs-BMP4; in Figure 3.5 we show average BMP4 concentration in ng/ml, to compare this to the radiotherapy assay in Section 3.3.1. An average concentration of 8ng/ml corresponds to a peak of 100ng/ml at the time of resection, the same concentration maintained for two days in the assay. We see that, for peak concentrations of BMP4 similar to that in the in vitro assay, no trials show statistically significant differences in survival curves (log-rank test, ). Indeed, according to these results a considerably higher total dose of BMP4 is required in order to see consistently successful trials (defined as rejecting the null hypothesis of identical survival curves between control and treatment arms). This may be because of the relatively rapid decay of AMSCs and BMP4; if ASMCs are delivered at the time of resection very few remain and BMP4 concentrations are low by the time RT begins.
The results plotted in Figure 3.5 are for the group of fast proliferators only as this was the only group which saw a significant response to BMP4 therapy. Figure 3.5 (d) shows a summary of the results for all the proliferation groups. This highlights the importance of considering other patient specific parameters when selecting potential patients for clinical trial.
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Figure 3.5: Survival curves for 20 simulated virtual trials for the fast proliferating stratification shaded by success (if BMP4 treatment arm is significantly different to the control arm) for four different concentrations of BMP4. (a) As expected, when BMP4 is low the control and treatment arms are similar in all 20 trials. (b) As BMP4 concentration increases, the fraction of successful trials increases. (c) For sufficiently high BMP4 (and hence a sufficiently strong treatment effect), almost all trials are successful. (d) Summary of the successful trial from phase 2. Orange, green and blue represent fast, medium and slow proliferation, respectively.
3.3.3.4 Different delivery schedules for BMP4
The high concentrations of BMP4 required in a single-hit approach identified in Section 3.3.3.3 motivates us to look at alternative dosing strategies, where similar or greater benefit may be observed for less average dose of BMP4. As the AMSCs only last for around 2 weeks (and BMP4 slightly less) only a small concentration is left by the time radiotherapy occurs in the single-hit approach. Since BMP4 increases the radiosensitivity of the tumor and reduces the enrichment of GSCs when radiotherapy occurs, delivering it in combination with radiotherapy may provide significantly improved responses even when a similar total dose of BMP4 is considered. Therefore, we consider 3 alternative treatment schedules: i) a single dose immediately before radiotherapy, ii) a continuous dose from resection until the end of RT and iii) periodic doses in combination with radiotherapy. These schedules are shown in Figure 3.6 (a). In all cases, the same total dose of BMP4 (this corresponds to the same area under the curve in Figure 3.6 (a)) will be administered so the comparison is fair between delivery schedules.
We use the same virtual trial pipeline outlined previously in Section 3.3.3, applied to these three alternative dosing strategies. A summary of the results for the fast proliferating group is plotted in Figure 3.6 (b). We see that the continuous delivery schedule is the most effective, with the highest number of successful trials with an average BMP4 concentration of around 10ng/ml required for almost all trials to be successful. This is closely followed by the periodic schedule. The shifted single dose appears to be largely similar in efficacy as the single dose at resection. These show that longer term exposure of BMP4 greatly increases its efficacy. This highlights the importance of designing the delivery schedule of BMP4 to maximise the effect of the treatment, and in future could be optimised on a patient-specific level.
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Figure 3.6: Alternative delivery schedules have improved response to BPM4 for same total dose. (a) Different delivery schedules for BMP4. Here time 0 represents the time of detection and radiotherapy occurs 30 days after detection. (b) Summary of fraction of successful trails for different delivery schedules.
3.4 Discussion
In this study, we have developed a comprehensive mathematical model to simulate GSC-driven tumor growth, specifically focusing on the impact of BMP4 treatment. By parameterizing our model using experimental data from five distinct glioma stem cell lines exposed to BMP4, we were able to qualitatively estimate the sensitivity of these cell lines to BMP4. This approach provides valuable insights into the potential variability in treatment response among different glioma cell populations.
A key limitation of our model lies in the inherent assumptions necessary for reducing the complex biology of glioblastoma/glioma to a system of ordinary differential equations (ODEs). While our model successfully encapsulates many aspects of tumor dynamics, it does not explicitly account for the spatial heterogeneity of glioblastoma. Future work could expand this model to incorporate spatial considerations, to better capture the intricate microenvironment and its influence on tumor behaviour. That said, we hope that capturing the essence of the proposed BMP4 treatment in the current model has highlighted key mechanisms by which impact on tumor growth may or may not be seen in the clinic.
Moreover, our study primarily concentrated on the impact of BMP4-induced differentiation on radiosensitivity, leaving the direct effects of BMP4 on proliferation rates as an area for further exploration. Understanding how BMP4 modulates proliferation, in addition to differentiation, could provide a more comprehensive picture of its therapeutic potential and guide the development of more effective treatment strategies.
Importantly, we have also demonstrated a virtual clinical trial pipeline to evaluate the potential of BMP4-AMSCs treatment for patients with GBM. Our simulations revealed that a significant amount of BMP4 would be required to achieve successful outcomes in a substantial proportion of patients. This finding underscores the importance of optimizing BMP4 dosage and delivery methods for future clinical applications. Additionally, our results suggest that patient stratification based on proliferation rates could enhance the likelihood of treatment success. By selecting patients with higher proliferation rates, we could potentially increase the observed efficacy of BMP4 in combination with radiotherapy.
Furthermore, we explored various BMP4 delivery schedules and identified that alternative strategies could enhance the therapeutic synergy between BMP4 and radiotherapy. These findings indicate that the timing and duration of BMP4 administration, in particular in relation to the timing of radiotherapy, can be crucial factors that could be optimized to improve clinical outcomes. We have shown that prolonged exposure to BMP4 greatly increased it efficacy when compared to a ‘single-hit’ approach. Future studies could expand on this by investigating different delivery modalities and schedules, potentially in combination with other therapies, to maximize the therapeutic benefit of BMP4.
In conclusion, our work provides a robust framework for virtual clinical trials, offering valuable predictions that can guide the clinical translation of BMP4-based therapies for GBM. By highlighting the need for high BMP4 levels, patient stratification, and optimized delivery strategies, we have laid the groundwork for future studies that can further refine and validate these approaches in a clinical context.
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